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Abstract. We study the structure and asymptotic behavior of the resolvent 
of eUiptic cone pseudodifferential operators acting on weighted Sobolev spaces 
over a compact manifold with boundary. We obtain an asymptotic expansion 
of the resolvent as the spectral parameter tends to infinity, and use it to derive 
^^ ^ corresponding heat trace and zeta function expansions as well as an analytic 
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index formula. 



1. Introduction 



In this paper we study the structure and asymptotic behavior of the resolvent of 
elhptic cone pseudodifferential operators acting on weighted Sobolev spaces over a 
compact manifold with boundary. Our results complete (and contain) the existing 
descriptions of the resolvent of a cone differential operator (on Sobolev spaces), and 
provide a first account on the structure of resolvents, heat kernels, and complex 
Z^ \ powers of pseudodifferential operators on manifolds with conic singularities. 

(T^ ' Resolvent and heat kernel asymptotics on conic manifolds have been studied by 

^^ \ many authors since the seminal paper by Cheeger ^. For certain classes of first 

^^ ' and second order symmetric operators there are contributions by Callias , Callias 

ps^ \ and Uhlmann 0, Briining and Seeley [3^, and Mooers [32|, to mention just a 

few. In [22] , Lesch generalized the techniques of Briining and Seeley and obtained 
i^H I more general results for selfadjoint differential operators of arbitrary order. 

C^ ' Following Schulze's approach for the study of operators on manifolds with edges, 

see e.g. [3^], the first author developed a parameter-dependent calculus (cf. [IJl) 
that describes the resolvent of an elliptic cone differential operator that is not neces- 
sarily selfadjoint. In particular, he introduced the appropriate notion of parameter- 
dependent ellipticity that guarantees the existence of the resolvent and provides 
Jh \ good norm estimates. In Section0]we will show that this ellipticity condition is not 

only sufficient but also necessary. Later in |21I2S!j following Melrose's approach 
|2ni J the second author studied the resolvent of elliptic cone differential operators 
from a more geometric viewpoint. To this end, he developed a parameter-dependent 
calculus that gives a precise description of the Schwarz kernel of the resolvent, pro- 
viding a more convenient framework to analyze heat kernels, zeta functions, and 
other geometric invariants, see e.g. [T^ . 

In the setting of resolvents of close extensions of a cone differential operator, 
there are recent results by Schrohe and Seller j35;, by Falomir, Muschietti, Pisani, 
and Seeley ^], and by Falomir, Muschietti, and Pisani ^Uj. More recently, Gil, 
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Kraincr, and Mendoza ^17, proved the existence of the resolvent and sectors of 
minimal growth for the closed extensions of a general cone differential operator. To 
the best of our knowledge, resolvents of elliptic cone pseudodifferential operators 
have not been studied before in any setting. 

In this work we consider a cone pseudodifferential operator A E j:^'^\E'{^(M), 
where M is a compact manifold with boundary, a; is a boundary defining function 
for dM, /u is a positive real number, and ^^(M) is the class of 6-pseudodifferential 
operators of order /i, as introduced by Melrose. Our main goal is to give a pre- 
cise description of the resolvent {A — A)^^ when A satisfies the aforementioned 
parameter-dependent cUipticity on a sector A C C We obtain an asymptotic ex- 
pansion in A as |A| —^ cxd, and use it to derive heat trace asymptotics and zeta 
function expansions. For this purpose, we extend the existing pseudodifferential 
calculi introduced in 24. 25 and define two new classes of operators arising in the 
parametrix construction used to analyze the resolvent. 

As in the case of a differential operator, the construction of a good parameter- 
dependent parametrix of ^ — A is crucial to describe the fine structure of the re- 
solvent and its asymptotic behavior in A. However, when the given operator is not 
differential but rather a genuine pseudodifferential operator, for instance vA, the 
parametrix construction requires a more delicate analytic treatment. The general 
idea is to design a parameter-dependent pseudodifferential calculus tailoring the 
new features of the operators into the geometry of their Schwartz kernels. 

To illustrate the main technical difficulty in the parametrix construction for the 
operator family A— A, let us discuss the related (but much simpler) situation of an 
operator in the ^-calculus. Given a parameter-elliptic 6-differential operator A, one 
can construct a parametrix B{X) oi A— X such that 

(1.1) (A-A)B(A) = l + i?(A), 

where R{X) is in the calculus with bounds, of order —cxd, vanishing to infinite order 
as |A| ^ oo in A. For a 6-pseudodifferential operator, the error term -R(A) in (|1.1() 
can only be made to vanish to order —1 in the calculus with bounds. Nonetheless, 
this decay already implies that R{X) -^ as |A| ^ oo, thus l-l--R(A) can be inverted 
for large A, and consequently, the resolvent exists and belongs to the calculus. 

However, when A is a cone pseudodifferential operator, the additional weight 
factor x~'^ in A makes the situation more complicated: One can obtain an expres- 
sion similar to 1)1. l|l . but the boundary defining function x, the spectral parameter 
A, and the bounds, are all coupled in a way that the operator 1 -I- R{X) is unfortu- 
nately not invertible even for large A. A novelty of this paper is the development of 
two new parameter-dependent calculi with bounds which incorporate the coupling 
of the boundary defining function, the spectral parameter, and the bounds. We in- 
troduce these operator classes and show the corresponding composition theorems. 
This will allow us to further modify R{X) and get a true residual term that decays 
as |A| -^ oo, so that 1 + R{X) can be inverted within the calculus. 

Once the resolvent of an elliptic cone pseudodifferential operator is understood, 
we use its structure to study the corresponding heat kernels and complex powers. 
In particular, the short-time asymptotic expansion of the heat trace obtained in 
this paper is used to get part of an analytic index formula consisting of two terms; 
a term coming from the heat trace asymptotics of an associated operator with no 
boundary spectrum, and a second term that resembles the eta invariant. This 
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formula relies on an index formula by Piazza 34 and on a factorization theorem 
proposed by Schulze and proved by Witt 02] • 

We now outline the content of this paper. We begin in Section [3 by reviewing 
various conormal spaces of functions on manifolds with corners as introduced in 
Melrose's seminal paper |2Hj. With this background, in Section Owe define and 
discuss the new parameter-dependent pseudodifferential calculi that are needed in 
Sectional to construct a good parametrix for a parameter-elliptic cone pseudodiffer- 
ential operator. In Section[Slwe use the structure of these calculi to obtain resolvent, 
heat kernel, and zeta function expansions. Finally, in Section]^ we discuss the index 
of the closure of an elliptic cone operator. 

Acknowledgments. We thank Gerardo Mendoza for many valuable discus- 
sions, especially for those concerning the last section of this paper. 

2. Manifolds with corners, asymptotics, and &-operators 

An n-dimensional manifold with corners Z is a topological space with C'°° struc- 
ture given by local charts of the form [0, 1)*^ x (—1, l)""*^, where k can run between 
and n depending on where the chart is located in the manifold. Each boundary 
hypersurface H is embedded and has a globally defined boundary defining function; 
a nonnegative function in C°^'{Z) that vanishes only on H where it has a nonzero 
differential. 

Asymptotic expansions. Let U — [0, 1)J; x (—1, l)y^''- Then for a e R'' the 

o 

space of symbols T,°'{U.) consists of those smooth functions u e C'°^'{U.) of the form 

u{x,y) = xl^ ■■■xl" v{x,y), 

where for each a and /3, {xdx)'^d^v{x,y) is a bounded function. 

Let N be the set of positive integers and let No = N U {0}. An index set E is a 
discrete subset of C x No such that 

• {z,k) G E=^ (z, i) e E for a\lQ<£<k, and 

• given any A e M, the set {{z, k) e E\diz < N} is finite. 

If in addition, {z, k) G E ^ {z + e,k) e E for aU £ € No, then E is called a C°° 
index set. For simplicity, we will use the words "index set" instead of "(7°° index 
set" unless stated otherwise. A discrete subset D C C will be referred to as an 
index set by means of the identification D = {(z, 0) | z e D}. 

Given an index set E, a function u € S^CU) is said to have an asymptotic 
expansion at xi = with index set E if, for each A > 0, 

(2.1) u{x,y)^ ^ xliiogxi)'' U(^^^k){x',y) + x^ UN{x,y) 

(z,k)<£E,?liz<N 

with UN{x,y) e E^CU) and U(^z^k){x' ,y) & S° (IC), where a = (ai,a'), x = {xi,x'), 
and W = [0, l)^r^ X (—1, 1)^"'^. Furthermore, given k > 0, the function u is said 
to have a partial expansion at xi = with index set E of order k if u admits the 
expansion H2.1|l for all N < k. In fact, it is sufficient to check that H2.1|) holds for 
N = K. Observe that a function has an asymptotic expansion at xi = with index 
set E if and only if it has a partial expansion at xi = with index set E of any 
order k > 0. Note also that if ii^ = 0, then the expansion property H2.1(l holds 
for N = K ii and only if u vanishes to order k at xi = 0. Asymptotic and partial 
asymptotic expansions at any other boundary Xi = are defined similarly. 
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Figure 1 . Each of these coordinates together with coordinates on 
Y^ define projective coordinates on M^ near ff. 



On a manifold with corners Z one can define asymptotic expansions at a hyper- 
surface H with index set E by reference to local coordinates. First of all, a function 
u G C°°{Z) is said to be in 'S'^{Z), if for any patch U on Z and for any tp G C^{Vi), 
the function (pu is an element of E°(1I). Let Hi, ... , Hm be the hypersurfaces of Z 
with corresponding boundary defining functions pi, . . . , p^. For a £ R™ we define 



^'^{z) = {pr---p:, 



e s°(z)}. 



A function u E T^°'{Z) has a partial expansion at H with index set E of order 
K, if for any patch It — [0, l)xi x W on Z with H OU = {xi — 0}, and for any 
If £ C^CU), the function ipu has a partial expansion at xi = with index set E of 
order k in the sense described above. 

If £ is a collection of index sets £ = {Eh^ , ■ ■ ■ , £^ffj } corresponding to some family 
of hypersurfaces Hi, . . . ,H( of Z, then we denote by A^{Z) the space of functions 
u E Yj°-{Z) for some a £ M'" such that for each H, u has a partial expansion at H 
with index set Eh of order k. Finally, we define 



A^{Z)^{^Al{Z). 



K>0 

Blow-up and pseudo differential operators. Let M be a smooth manifold of 
dimension n with boundary Y — dM . Then the product M^ = M x M is a 
manifold with corners in the above sense. The blow-up M^ — [M'^;Y'^] of M^ 
along Y^ (cf. ^^) is then a new manifold with corners that has an atlas consisting 
of the usual coordinate patches on M^ \ Y'^ together with polar coordinate patches 
over Y"^ in KP . For instance, if fvP — [0,00)3, x [0,00)2,', then M^ is the set 
[0,oo)r X (§1 n M^)0 with {r,e) = (|j(a;,a;')||, tan~i(a::7a;)). In this paper we will 
work with the more convenient projective coordinates {x, x') t-^ {x, t) with t = x' jx, 
or (x,x'') I— > (s,a;') with s = x/x' . The boundary hypersurfaces Ih, rb, and ff (for 
"left boundary" , "right boundary" , and "front face" , respectively) of M^ together 
with the projective coordinates are shown in Figure ^ 

Henceforth we fix a 6-measure tn on M and we denote by m' the lift of m to A'P 
under the right projection M^ 9 {x,x') 1-^ x' E M. 



the space ^^(Af) of 6-pseudodifferential operators 
'{M) that have a Schwartz kernel Ka satisfying the 



Definition 2.2. For ^ e M, 
consists of operators A on C° 
following two conditions: 

• Given tp G C^{M^ \ ^b), the kernel pKa is of the form k ■ m', where k is 
a smooth function on M^ that vanishes to infinite order at the boundaries 
lb and rb. 
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Given a coordinate patch of M^ overlapping Af, of the form Uy x K" such 
that Ab ^ U X {0}, and given ip (E C^ {U x R") , we have 



where y i-^ a{y,0 is smooth with values in S'^^(R"); the space of classical 
symbols of order /i. 

The space Diff ™ (A/) of totally characteristic differential operators of order m is 
clearly contained in \1/™(M). 

3. Parametric pseudodifferential calculus 

The spaces of parametric symbols and pseudodifferential operators discussed in 
this section are intended to describe operator families of the form B{A — A)~^, 
where A and B are both cone pseudodifferential operators on an compact manifold 
M, and A is a spectral parameter living on a sector A C C. Our symbol calculus is 
somewhat related to the weakly parametric calculus from Grubb and Seeley |19| . 

Symbol spaces. For n, p G M. and d > we define S''^'P'''(R"; A) as the space of 
functions a G C°°(E" x A) such that 

l^r^f a(C, A)| < C„^(l + |^|)^-P-I"I(1 + lel + |A|i/'i)P-'i|/3|. 

The space S'^'P^'^(M"; A), p/d e Z, consists of elements a € S''^'P'''(R"; A) such that 
if we set 

then a(^, z) is smooth at z = 0, and 

(3.1) |a|'afa(e,z)| <c„Mi + |eir-^-i"i+''i^i(i + NII?l'r^'''^' 

uniformly for \z\ < 1. Further let S'^f^ (R";A) be the space of elements a G 
5'^'P'"'(M"; A) that, for every N eN, admit a decomposition 

N-l 

(3.2) a(e,A)- ^x(OaM-j(e,A)+r^(C,A), 

where tn G S'^-^'P'''(M"; A), x e C°°(M") with xiO = for |^| < i and xiO = 1 
for ICI ^ 1> s-i^d where each a^_j(^, A) has the following properties: 

• a^_j((5e, (5'^A) = (5'^-Ja,,_j (C, A) for every S > 0, 

• zP^'^ai^^j{^, l/z) is smooth at z = 0. 

Example 3.3. Let a(^) be a homogeneous function in ^ g M" of degree /i S M that 
never takes values in a sector A for £, ^ 0, and let b{£,) be a homogeneous function 
of degree ^' G M. Given £ G Nq, set 

g(e,A)=6(C)(a(C)-A)-^ 

Then, x(0 9(^,0 e 5*^17^^' "^^'^(K"; A). Here, the cut-off function xH) is needed 
because a(^) and 6(^) are, in general, not smooth at ^ = 0. 
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Figure 2. The manifold T^ near infinity. Here, r^ 
the boundary at |A| = oo. 
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Parameter-dependent operators. We first review some spaces of parameter- 
dependent pseudodifferential operators used to capture resolvents of cone differ- 
ential operators (see UM and [221 )■ Henceforth we shall fix a boundary defining 
function g ior ff. Recall that m' denotes the fixed 6-measure m lifted to AP under 
the right projection JVP 3 {x,x') i-^ a;' G M. 

Definition 3.4. Given ^i,p,deR with p/d G Z and d>0, the space ^^■^''^(M; A) 
consists of parameter-dependent operators A{X) that have a Schwartz kernel -f^yi(A) 
satisfying the following two conditions: 

• Given ip e C^{M^ \ Ab), the kernel ifKA(\) is of the form k{g'^X,q) ■ m', 
where k{X,q) is a smooth function of {X,q) S A x M^ that vanishes to 
infinite order in q at the sets lb and rb, and is such that if we define 
k{z, q) — zP/'^k{l/z, q), then k{z, q) is smooth at z = 0. 



Given a coordinate patch of M^ overlapping Af, of the form Uy 
that Ab ^ U X {0}, and given (p e C^ (U x W^) , we have 



^C 



such 



^i^A(A)= e<ia{y,tg''X)d^- 



m 



where y 



a{y, £_, A) is smooth with values in S'^f^ ( 



;A). 



Let [A; {0}] be the sector A blown-up at at the origin; that is, A with polar 
coordinates taken at A = 0, let A denote the stereographic compactification of 
[A; {0}] in the Riemann sphere. Coordinates on A near the blown-up origin are 
po — \X\ and 6 = A/|A|; near A = oo the coordinates are poo = l-^l^^ ^^d 9 — A/|A|. 
Let d > and let A^ = {A^/'' | A € A} so that the radial coordinates on A^ are 
''0 — |A|^/'^ near the origin and Too = |A|~^/'' near infinity. 

We consider (see Figure 13) 

(3.5) 7d := [Ad X M^; {roo - 0} x ff,], 

the blow-up of A^ x M^ along {roc = 0} x ff^, where ff^ is the front face of M^. 

The blown-up manifold T^ has eight boundary hypersurfaces, five of which are 
illustrated in Figure El namely, fi (face at infinity), bi (boundary at infinity), and 
the three hypersurfaces /&, rb, and jf, induced by the corresponding boundaries of 
the manifold M^. The other three hypersurfaces are {ro = 0} and the endpoints 
of the angular variable 9. Because we are interested in asymptotics for |A| near 
infinity, these three hypersurfaces will play only minor roles. 



Assumption 3.6. From now on, all functions depending on A, either implicitly 
(as functions on T^, for instance) or explicity (as functions on A), are assumed to 
be smooth in 9 = X/\X\ and symbols of order zero at {ro = 0}. 
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We now use the notation from Section |21 to describe the various residual classes 
of pseudodifferential operators with asymptotics that appear in the parametrix 
construction of parameter-dependent elliptic operators. 

Definition 3.7. Let £ = {Ei),,Erb,Eff,Efi,0) be an index family for 7d asso- 
ciated to the faces {lb,rb,ff,fi,bi). We denote by ^J°°''''^(Af; A) the space of 
those parameter-dependent operators A(X) that have a Schwartz kernel of the form 
f^A{x) = k-m' where k € A^CTd). Thus k defines a function on T^ that vanishes to 
infinite order at hi and have asymptotic expansions at the hypcrsurfaces lb, rb, ff, 
and fi, determined by the index sets En,, E^-b, Eg, and Efi, respectively. 

Two new parameter-dependent residual classes. In order to capture the re- 
solvents of elliptic pseudodifferential operators we need to introduce two new classes 
of smoothing operators satisfying only conormal bounds. We begin by recalling the 
calculus with bounds (cf. [291 Section 5.16]). 

Definition 3.8. Let a > and let £ = (0,0, Nq) be the index family on A/^ 
associating the empty sets to its left and right boundaries, and No to its front face. 
The space ^^°°'"(M) denotes the class of operators A having a Schwartz kernel 
of the form Ka — k ■ m' , with k e A^j^^{M'^) for some e > 0. More precisely, if 
pi and pr are boundary defining functions for the left and right boundaries of Af^ , 
then the function p^'^'^pf"'^^ fc is a symbol in Yf'{M'^) having a partial expansion 
at the front face of Af^ with index set No of order a + e. 

Definition 3.9. Let TV e N and d>{). For to e N we define ^^/{M; A) as the 
space of those parameter-dependent operators A{\) whose Schwartz kernel Ka(\) 
is of the form ki^g'^X, q) ■ m' with k{X, q) satisfying the following properties: 

(a) For some e > 0, p^^'^^'^pf^'^'^k is a symbol in E"(A x M^) having a partial 
expansion at the face A x ff with index set No of order Nd + e. Again, pi 
and pr are boundary defining functions for lb and rb in M^ , 

(b) For each TV' < N, 

N'-l 
k{X,q)= Y. X-'fj{q) + X-^'kN,{X,q), 
j=m 

where fj € ■^2Nd-jd(^'^b) ^^^^ £ — (0i<2!,No), and fcjv satisfies (a) with 
Nd replaced by 2Nd — N'd. If m > N, then we disregard the summation 
and require instead k{X,q) = X^^ k]\[{X,q), where fcjv satisfies (a). 

The next lemma relates the two parameter-dependent spaces introduced in Def- 
initions |^3 and |^21 the proof follows immediately from the definitions. 

Lemma 3.10. Ifp/d <E -N, then for any N eN, 

^-^'P'-'iM; A) C K^^'/iM; A), to = -p/d. 

Our next space of operators is a calculus with bounds version of the space 
^-oo,d,£(^j.^-) introduced in Definition 1X71 

Definition 3.11. Let £ = {Eib, Erb,Eff,Efi) be an index family for Id associated 
to the faces {lb,rb,ff ,fi). Then we define ^^°°' ' (M;A) as those parameter- 
dependent operators A{X) that have a Schwartz kernel of the form ^a(a) = k ■ m' , 
where fc is a symbol on 7d, of order Nd at bi, that satisfies: 
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• Given (/s e C°°{7d) supported near fi, (fk is in A^j_^_^{7d) for some e > 0. 

• Given tp e C°° (T^) supported away from /i, ip k is the kernel of a parameter- 

. — CXD , 

-Af.AT 



dependent operator in ^^°^' (Af; A). 



Observe that 

>,d,£, 



^-oo,d,£^^^.^)^ Pi ^-°°.d^£(M.A). 



Lemma 3.12. We have 

where £ is t/ie index family on 7^ given by ?, ~ (0,0,No,No). 

Proof. Let A{\) e ^^^'^''(Af ; A) and let Ka(\) = fc(gi''A,q)m' be its kernel with 
all the properties described in Definition 18.91 In particular, the operator ^(A) 
with kernel k{\,q)m' is such that A^l(A) belongs to YP(K,^~°°'^'^{M)). By 
definition, we only need to analyze k{g'^X, q) locally in coordinates near the face fi,. 
By symmetry it suffices to consider the kernel only away from one of the lateral 
boundaries of M^; for instance, away from the left boundary lb. Since our kernels 
are smooth in 6 = A/|A| and in the variables on the boundary, we shall omit these 
variables in what follows. Thus consider the coordinates q = {x,t) E li C M^, with 
X defining ff and t = x' /x defining rb, see Figure ^ If p = |A|, then for some e > 
we can write 

k{\,q) = t^'+'g{p,x,th 

where 5 is a symbol in S]*'(M_|- x U) that can be expanded in a; at x = with index 
set No of order Nd + e. In particular, k has a partial asymptotic expansion at t = 
with index set Erb = of order Nd + e. 

We now lift k{x'^X, q) to T^. Near ff and fi, the variable r = p^^l"^ defines fi and 
V = xjr defines j(f , and in these coordinates, 

k[x'^\q)^t^'^"^^g{v'\rv,t). 

The asymptotic properties of g imply that g(v'^ , rv, t) can be expanded in r and v 
with index set No of order Nd + e. On the other hand, near fi and hi, x defines fi 
and w = v^^ defines hi, and in these coordinates, 

k{x'^X,q) :^ t^'^+'g{w-'\x,t). 

Now, since A^A(A) e E*'(A, ^P^""' (Af)), the function g can actually be written 
as g{p, X, t) = p'^^h{p, x, t), where ft, is a symbol in S°(K-|_ x XL). Therefore, 

k{x'^X, q) = t^'^+'^w^'^h{w-'^, X, t). 

The asymptotic properties of g imply that h{w''^ ,x,t) can be expanded in x at 
X = Q with index set No of order Nd + e. In conclusion, we have proven that k 
defines a function on Td that vanishes to order Nd at hi and has partial expansions 
of order Nd + e with index sets Ert = 0, Ejj = No and Efi = Nq. The same is true 
with rb replaced by lb, thus A{X) e *^°°^'''^(A/; A) with £ = (0,0, No, No). □ 
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Figure 3. The blown- up manifold M^ and its boundary hypersurfaces. 



Composition of pseudodifferential operators. In order to prove essential com- 
position properties of our new parameter-dependent spaces, we need to review how 
^-pseudodifferential operators are composed. Let A and B be operators on C°°{M) 
with Schwartz kernels Ka and Kb, respectively, that are smooth on M^ and van- 
ish to infinite order at the boundary Y^ ~ dM^ . Then we know that AB is also a 
smoothing operator, and 



(3.13) 



Kab{ii..,w) 



Ka{u,v)Kb{v,w) 



veM 



We can write this purely in terms of puUbacks and pushforwards of distributions 
as follows. Let np, tts, ttc ■ M^ -^ A'P be the maps 

TrF{u,v,w) — {u,v), Trs{u,v,w) = {v,w), itc{u,v,w) — iu,w) 

{F, S, and C stand for 'first', 'second', and 'composite'). Writing Ka — fc^m' and 
Kb — fcs tn', where kA and fc^ are smooth functions on M^ vanishing to infinite 
order at the boundary Y^, we have 

{TrQrmrpKATTsKB){u,v,w) = kA{u,v) kB{v,w)m{u)m{v)m{w), 

where on the left-hand side, m represents the fixed 6-measure on M lifted to M^ 
under the left projection, that is, m(u, w) = m{u) for all {u, w) G M^. In particular, 
TTQxmTpKA'n'gKB is a density on M^ and so its pushforward to M^ under ttc is 
well-defined. By (|3.13l) and the definition of the pushforward (ttc)* we get 

(3.14) mKAB = i7rc)*iTr*crmT*pKATr*sKB). 

This identity shows that we can determine the Schwartz kernel of AB by analyzing 
puUbacks, products, and pushforwards of the kernels Ka and Kb- Now, since our 
operators are actually in \['^(M), in order to get a similar identity for the Schwartz 
kernel of AB, we first introduce the blown-up manifold M^. 

The manifold Mj^ is defined by blowing-up (that is, introducing polar coordinates 
around) the manifold Y^ in M^ and then blowing-up the submanifolds coming from 
the codimension two corners of M^. The manifold M^ along with its various faces 
are shown in Figure 13 Let TTi^^b, T^s.b, T^c,b ■ M^ -^ M^ be the maps irp, tts, 
TTc expressed in the polar coordinates of M^ and M^. Then we can express the 
composition (|3.14|l in terms of these new maps: 



(3.15) 



mKAB = (71'ab)*(7I'c,6"^'''F,6-^^'''S,fc'^s) 



Written in this way, m, Ka, Kb, and Kab are understood to be lifted to M^. 
The formula H3.15|l is the key to proving composition properties of our parameter- 
dependent operators. 
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Composition theorems for parameter-dependent operators. We begin by 
stating a composition result whose proof is almost exactly the same as the proof of 
[241 Theorem 4.4], so we leave out the details. 

Theorem 3.16. We have 

x''-^i^-P^'^{M;A) o x'''*^'P'''(M; A) C x'^+'''*^+^''P+P'''(Af ; A). 

The following theorem is proved in 25, Proposition 4.1]. 

Theorem 3.17. We have 

x'^*^(M) o x'''^^'^P^'^{M;A) C a;''+'''*(^+'''^P'''(Af; A); 

and 

x'''^'^'-P-'^{M;A) o x'^^^iM) C a;''+'''*(^+^'^P^'^(Af; A). 

This theorem states that the parameter-dependent spaces \['*'P''*(M; A) are closed 
under composition with cone pseudodifferential operators. We next consider how 
these spaces behave under composition with the calculus with bounds and their 
parameter-dependent versions. The next theorem is established by following the 
proof of |25[ Proposition 4.1], taking into account the bounds. To avoid reproducing 
the proof of loc. cit., we shall omit the details. 

Theorem 3.18. The spaces *;;°^'^(M; A) and ■^~°°''^-^{M;A) for any m, iV e N 
are closed under compositions with ^™(Af). Let p/d G — N. Then for any N > 0, 
we have 

^-oo,2Arrf^^^^ o *^'P'''(Af; A) c *„^''(M; A), 

*^''P''^(Af; A) o ■q>-^'^^''{M) C ^-^""(Af; A), 

where m — —p/d; 

^S,n{M-, A) o ^^^^P^\M- A) C vI'„:^''(Af ; A), 

vI/^-P''^(A/; A) o -^S^j^iM- A) C -^-^^/{M- A), 

where m ~ min{r77,', — p/d}. Finally, the space ^^°°' ' (Af ; A) is closed under 
composition with '^^•^•'^{M; A), for instance, 

^M,P,d(^,j.A)o^^°°'''^^(Af;A) C *^°°''''^(Af;A). 
We next consider composition in our first new parameter-dependent calculus. 
Theorem 3.19. We have 

*;;:^f (M; A) o M'-^^t (M; A) c *-+™',,^,(Af ; A), 
where N — minjA^i, N2}. 

Proof Since Kn7'(M;A) C *-^'^(A^;A) and *-?3vt (^^^i A) C *--^'^(Af ; A), 
which follows from the definition of these spaces, we may assume that N — Ni — 
-^;^^/{M;A)e.ndB&^;J^^'< 



N2. Thus given A G *,„^''(Ar; A) and B e *,„?3;f (Af; A), we need to show that 

AB e ^m+m' Ar(-^^! A). To simplify the notation, we assume that M = [0, l):r 
and A = M+. The argument in the general case is basically the same, the main 
difference being the appearance of the tangential variables on Y that make the proof 
notationally more complicated. We will use projective coordinates (see Figure P). 
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Figure 4. Projective coordinates and projections on U. 



In the following, we denote by x, x' , x" the coordinates on the left, middle, 
and right factors of M^ — [0, 1)'^ and we assume that m — \dx/x\. To show that 



AS e * 



ra+m' ^N 



(M; A), we use the formula l|3.15|l above. To do so, we will assume 
that the lifted kernel ttJ ^m ttJ, i,Ka i^*s b^B is supported in a neighborhood U C Af^ 
of the intersection of mb, ff , and Fb (see Figure |3)|. On IX we introduce projective 
coordinates as follows. First, we blow-up the origin in M^ and define, away from 
the hypersurface {x" = 0}, the coordinates (s, s', x") with s = xjx" and s' = x' /x" . 
Next, we blow-up the a;"-axis to get M^, and define on U the coordinates {s,t,x") 
with t = s' / s = x' jx. In conclusion, we get the projective coordinates 



(3.20) 



X x 

with s = — - and t = — . 



{s,t,x") £ U 

X" X 

By definition, TTp^bis,t,x") is the image oi ttf{x,x' ,x") — {x,x') written in coordi- 
nates (x, x' /x) on M^. Similarly, 7rs,b(s, t, x") is the image of 7rs(a;, x' , x") = {x' , x") 
written in coordinates {x' /x" , x"). The appropriate choice of projective coordinates 
on M^ for the images of wp and tts is illustrated in Figure ^ By means of (|3.2()|l 
we finally get 

(3.21) ttfAs, t, x") = {sx", t), TTsAs, t, x") = {st, x"). 

Let Ui = TTF.bCU). In the coordinates {x,t) G ICi (see Figure 0J, the kernel of A 
is of the form Ka = ki{x'^X,x,t) \dx'/x'\, where for some e > 0, t~^'^^'^ki{X,x,t) 
is a symbol in S'^(R4. x Ui) that can be expanded at x = with index set No of 
order Nd + e. Moreover, for each N' < N, 



(3.22) 



ki{X,x,t) 



N'-l 

E 



-N', 



X-^f,ix,t) + \-'' ki,M'{\x,t) 



where all the coefficients satisfy the properties listed in Definition 13.91 

Let 1(2 = TTS, 6(11). In the coordinates {s' ,x") G 1X2 (Figure ^, the kernel 
of B is of the form Kb ~ k2{{x"YX^s\x")\dx" /x"\^ where for some e > 0, 
{s')-^'^-^k2{X,s',x") is a symbol in S"(M+ x 1X2) that can be expanded at x" = 
with index set No of order Nd + e. The function fc2(A, s', x") also admits an expan- 
sion similar to (|3.22|l with the obvious change of variables. Using the formulas for 
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TTs^b and 7rF,b in (|3.21(l . it follows that on U, 



dsdtdx" 
TrJfjmTr^fci^ATTsfoi^s = ki((sx"YX, sx" ,t) k2{(x"Y\, st,x") 



stx" 

Furthermore, T^cbis, t, x") is the image of T^cix, x' , x") — (a;, x") written in coordi- 
nates {x/x",x") on Ml, thus 

7rc,6(s,t, x") = (s,x"). 

By the definition of pushforward, 

dsdx" 
inc,b)*{T^*c,bmTr*F^bKATr*s,bKB) = k:i{{x" f \ s , x" ) 

where 



sx 



ksiX, s, x") = I kiis'^X, sx",t) fc2(A, St, x") — 

From the properties of A and B it follows easily that s^^'^^'^k^{X, s, x") is a symbol 
in S°(K_|_ X 1X3) having a partial expansion at x" = with index set Nq of order 
Nd + e. Moreover, the formula H3.22|l corresponding to k2 (denoting the coefficients 
by gj instead of fj) implies that given N' < N, 

N'-l „ , 

fc3(A,s,x") = J2 ^"' J ki{.s''X,sx",t)g,ist,x")j 

j=m' 

+ X~^' I klis'^X, sx", t) k2,N'{X, St, x") —. 

Now for each j , expanding fci(A, x, t) in A up to order N' — j, we find that 

AT'-l 

(3.23) k3{X,s,x")^ Yl >^^^hj{s,x") + X-^'k3,N,{X,s,x"), 



where 



and 



j-m 



h,{s,x") = Y. ^"^'"'^' / h-i{sx",t)g,{st,x")^ 



dt 



k3^N'{X,s,x') = ^ s ^^ ■'^'^ / ki,N'-j{s''X,s,x")ge{st,x') 

+ / fci(s X,sx" ,t) k2,N'{X,st,x") 



dt 
T' 

It remains to verify that the coefficients in the expansion (|3.23|) have the properties 
required in part (b) of Definition l3.9l For the /ij's this follows from the correspond- 
ing properties of the functions fj-i and ge- In particular, expanding these functions 
at x" = according to (|2.1|l we get the required expansion for hj . Notice that these 
expansions are partial expansions with index set No of order 2Nd — jd + id for fj^i 
and 2Nd — id for g^, which are both of order greater than 2Nd — jd. Therefore, 
the resulting asymptotic expansion for hj(s, x") at x" = is of the same type. The 
properties of fc3jv'(A, s, x") follow in a similar manner. D 
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X 

Fb 



lb \ lb 

ff \ 



s ff \ gf Cb 

V W 

Figure 5. Three representative coordinate patches on M^. 

Remark 3.24. In the previous proof, we restricted ourselves to a neighborhood 
It C M^ ~ [0, 1)1 of the intersection of the faces rah, ff, and Fb (see Figure ISl. 
But in fact, in this model case, we need six coordinate patches to cover the entire 
manifold. However, by symmetry, there are only three patches that require slightly 
different treatments. For instance, we could choose in addition to U a neighborhood 
V of the intersection of Fb, ff, and lb, and a neighborhood W of the intersection of 
ff, Cb, and lb, to complete a set of representative local coordinates, see Figure |S1 
Since the calculations on V and W are similar in nature, and in order to avoid 
an overloading of technical computations, we decided to skip them. Nonetheless, 
to demonstrate these different treatments without repeating our arguments, in the 
proofs of Theorem 13. 2 71 and Theorem 13. 291 we will work on V and W, respectively. 

For index sets E and F, we define the extended union of these sets by 

(3.25) EUF ^ EUFU {{z, k + £ + l)\{z,k) e E, (z, £) e F}. 

Given £ = {En,, Erb, Eg , Efi) and 3^ — {Fu,, F^b, Eg, Ffi), we define the index family 
EoJ = {Gib,Grb, Gff,Gfi) as follows: 

/o of?\ Gib = Eib\j{Eff + Fib), Grb = {Erb + Fff)L}Frb, 

^ ^ Off = {Eff + Fff)U{Eib + Erb), and Gfi = Efl + Ffi. 

Our second new parameter-dependent space has the following properties. 
Theorem 3.27. Provided that Erb + Fib > 0, we have 

*^°°''^'^(M; A) o *^°°''''^(M; A) C *^°°''^'"^(M; A). 

Proof. Let A e *^°°''''^(Af ; A) and B e *^°°^'''^(Af; A). We will use the formula 
(|3.15|l to show that AB e ^^°°' ' ° (Af; A). As in the previous proof, we assume 
that M = [0, 1)^ and A = M+. We also use projective coordinates near lb on the 
product [0, 1)^ (see Figure Pi . 

Let X, x' , x" be the coordinates on the left, middle, and right factors of [0, 1)'^ 
and assume that m = |dx/a;|. In this proof we now assume the lifted kernel 
■n*fj^'m.'K*py^KAT^%b^B to be supported in a neighborhood V C M'^ of the inter- 
section of Fb, ff, and lb (see Figure|31). On V we may use the coordinates 

X X H^ 

{s,s',x") with s — — and s' — —- (see Figure El . 
X x" 

The projections 7rF,&, T^s.b, and iTc,b all map V onto a neighborhood of lb in Af^, 
and we have 

TTF,b{s,s' ,x") = {s,s'x"), Trs,b{s,s',x") = {s',x"), 

TTc,b{s,s',x") = {ss',x"). 
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If r = X^^/"^ and v' ~ x' /r, then near lb in T^, we can write Ka — ki{r, s, v')\dx' /x'\, 
where for some e > 0, ki{r,s,v') has expansions at r = 0, w' = 0, and s ~ 0, 
with index sets Efi, Eg, and Eib of order Nd + e, respectively, and for u' > 1, 
ki{r,s,v') = {v')~^'^~'^ki{r,s,v') where ki{r,s,v') is a symbol of order in v' and 
has expansions at r = and s = with index sets Efi and En, of order Nd + e, 
respectively. Similarly, Kb = k2{r,s,v')\dx' /x'\ where k2{r,s,v') has analogous 
properties as ki{r,s,v') but with index sets given by 3^. Using the formulas in 
(|X?g|l . it follows that 

dsds'dx" 
Tr^j^xmT*pf,KATTgf,KB = ki{r,s,s'x"/r)k2{r,s',x"/r) — — . 

SS X 

Hence, as nc,bis, s' ^x") = {ss',x"), by the definition of pushforward, we obtain 

{T^C,b)*{Trh,b^'^*F,bKATT*s^bKB) = k3{r,s,v') — 

where 

f III I I ds' 

A:3(r,s,w')= / ki{r, s/s' ,s'v')k2{r, s' ,v')—i-. 

Now the asymptotic properties of fci and k2 together with Melrose's pushforward 
theorem (see 1241 Appendix]) imply that fc3(r, s, v') has expansions at r = 0, s = 0, 
and v' = 0, with index sets Efi + Efi, Eg + Eg, and EibU{Eff + Eib) of order 
Nd + e, respectively. Moreover, for v' > 1, k^{r^s,v') = {v')^^'^^^k^{r,s,v') where 
k^(r^ s,v') is a symbol of order in v' and has expansions at r = and s — with 
index sets Efi + Efi and EibU{Eff + Eib) of order Nd + e, respectively. D 

Finally, we consider the composition of our two new parameter-dependent spaces. 

Theorem 3.29. We have 

vI/„^'^(M;A)oM.^°°''''^(M;A) C v|/^°°''''^(M; A), 
*-~'''^^(M; A) o ^-^/{M-K) c *jv°°'''^^^; A)- 

Proof. Let A e ^^'^''(M; A) and B e *^°°''''^(M ; A). As in our previous proofs, 

we will use the composition formula (|3.15() to show that AB e ^jv°°' ' (-^^S^)- 
Again, we consider M = [0, l)x, A = M.+ , and introduce the following coordinates 
on [0, 1)^ (see Figure Pi : 

X X 

(3.30) {s,x') near lb, and {x,t) near rb, where s = — and t = — . 

x' X 

Let X, x' , x" be the coordinates on the left, middle, and right factors of [0, 1)'^ and 
assume that m = \dxlx\. According to Remark |3. 241 in the present proof we will 
assume that the lifted kernel tt^ ^^xk\.'k*p^Ka tt^ \,Eb is supported in a neighborhood 
W of the intersection of j(f , C6, and Ih in M^ (see Figure Ol. Here, we may use 
the coordinates (s,a;',i) G W, where s = xjx" and t = x" jx' (see FigureEl. The 
projections ■ncb and "np.b map W onto a neighborhood of lb in Af^, and ■ns,b maps 
W onto a neighborhood of rb. Moreover, in the coordinates (|3.3U|) on Af^ near lb, 
we have 

(3.31) 7r_F,h(s,a;',t) = (st, x'), 7rc,6(s, x', t) = (s,x'i), 
and near rb, we have 

(3.32) 7rs,h(s,a:',t) = (x',t). 
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Near lb in M^, we can write Ka = ki{{x')'^X, s,x')\dx' /x'\, where for some e > 0, 
g-jvrf-e^^j-^^ s, x') is a symbol of order in all variables that can be expanded at 
x' = with index set Nq of order Nd + e, and for each N' < N, ki can be written 
in the form 

JV'-l 

(3.33) k,{X,s,x')= ^ \-'f,{s,x') + X-'''fN'{X,s,x'), 

where fN'iX, s, x') satisfies the same conditions as fci(A, s, x') but with N replaced 
by 2Nd— N'd, and for each m < j < N' ~ 1, fj{s, x') satisfies the same conditions 
as fci(A, s, x') but with Nd replaced by 2Nd — jd; of course, without the condition 
(|3.33|l . li V — x/r where r — A"^''', then near rb in T^;, we can write Kg = 
k2{r,v,t)\dx' /x'\, where for some e > 0, k2{r,v,t) has expansions at r = 0, f = 0, 
and t = 0, with index sets £/;, Eg^ and E^b of order Nd + e, respectively, and for 
v>l, k2(r,v,t) = v~^'^~^k2{r,v,t) where k2{r,v,t) is a symbol of order in u and 
has expansions at r = and t = with index sets Efi and Erb of order Nd + e, 
respectively. Using the formulas for irp^b and tts^ in (|3.31l) and (|3.32l) . it follows 
that on W C M^, 

■K*(j j,m TT*p i,Ka tt*s bKs = ki{{x')'^X, st, x')k2 (r, x /r, t) — — — 

stx' 

= ki{{x'/rf,st,x')k2ir,x'/r,t) 



stx' 

since r = X^^^^. Hence, as 7rc,b{s,x',t) = {s,x't), working out the definition of 
pushforward we obtain 

dsdx 

{'^c,b)*i'^c,b^'^*F,bKATr*s,bKB) = k3{r,v',s) ; 



where 

k3{r,v',s) = f ki{iv'/tY,st,rv')k2ir,v'/t,t)j. 

Using the asymptotic properties of ki{X, s,x') given in (|3.33|) and the asymptotic 
properties of k2(r,v,t), one can show that k3{r,v',s) has expansions at r = 0, 
v' = 0, and s = 0, with index sets Ffi, Fjj, and of order Nd + e, respectively, and 
for v' > 1, k3{r,v',s) — {v')^'^'^^'^k3{r,v' , s) where k3{r,v',s) is a symbol of order 
in v' and has expansions at r = and s = with index sets Ffi and of order 
Nd + e, respectively. D 

4. Resolvents and parametrix construction 

In this section we let /z > and consider a cone pseudodifferential operator 
A e a::~'^^^(M), where a; is a boundary defining function for dM and ^|^(M) is 
the class of 6-operators, cf. Definition 12.21 It is well-known (see e.g. jSH] or j37| 'l 
that A can be extended as a bounded operator 

(4.1) A : x°'H^{M) ^ a;"-^i7j""^(Af), 

where the space H^{M) is defined as follows. We fix a 6-measure m and let Ll{M) 
be the Hilbert space of square integrable functions with respect to m. For s € N, the 
space H^{M) consists of all u € Ll{M) such that Pu € Ll{M) for every differential 
operator P e Diff^(M). For an arbitrary s G R, the space H§{M) can be defined 
by duality and interpolation. 
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Remark 4.2. For s > s' and a > a' the embedding x"H^{M) ^ x°'' H^' (M) is 
continuous. If a > a', then it is compact if s > s', Hilbert-Schmidt if s > s' + ^, 
and trace class if s > s' + n, where n = dim M . 

For A G x~^'^'^{M) we let 'b'^(^) be the totally characteristic principal symbol 
of x^A in ^^(M). The operator A is said to be ^-elliptic if ''ct^(^) is invertible on 
''T*M \ 0, where ''T*M denotes the ^-cotangent bundle, cf. [2S|. The Fredholm 
property of H4.1|l is determined by the indicial family (or conormal symbol) A{z) 
associated with A. It is defined as the operator family 

A{z) : C^{Y) -> C°°iY) : u ^ x^'- ' A{x' u)U=o , 

where Y = dM and u is some extension of u. The set 

speCt(A) = {z e C I A{z) : Hf^iY) -^ L^{Y) is not invertible} 

is called the boundary spectrum of A. If A is 6-elliptic, then its boundary spectrum 
is discrete and we have the following result, cf. [2911311 177) . 

Theorem 4.3. If A G x~^^^(Af ) is b-elliptic, then for every a G R such that 
specj,(74) n {z G C I 3z = ~a} = 0, the operator ([4.1(1 is Fredholm for every s G R. 

In order to ensure the existence of the resolvent and be able to describe it within 
our calculus, we need a natural notion of parameter-dependent ellipticity that re- 
sembles Agmon's condition at the symbol level and takes into account the singular 
global behavior of the operator near the boundary. Following ^31 we will define the 
paramctcr-ellipticity with help of a model operator A/^ living on the model cone 
Y^ := R+ X Y. More precisely, with A we associate the operator 

(4.4) A/, : C^iY'') -^ C^iY"") : u ^ \im £<^K„v'A(V'Kr^M), 

where Kg is defined by {Kgu){x, y) := u(gx, y), g > 0, and where tp and ip are smooth 
functions supported in a collar neighborhood of Y (— dM — dY^) so that tpK^^u 
and (pA{ipK~^u) can be regarded as functions on both manifolds M and Y^. 

On Y^ it is convenient to introduce Schulze's (cone) Sobolev spaces 3C^'°'{Y^) 
for s,a G R, defined as follows. Let w G C^(R+) with Lu{r) = 1 near r = 0. 
Then the space 3C'''"(F^) consists of distributions u such that uju G r^-H^lY^), 
and such that given any coordinate patch U on y diffeomorphic to an open subset 
of S""i and function ip G C~(l(), we have (1 - uj)ipu G H'lw) where R+ x §"^1 
is identified with R" \ {0} via polar coordinates. By definition, we have 

3^0,0 (y A) = H'^{Y^) = LliY""). 

These spaces have been systematically considered by Schulze in his edge calculus, 
see e.g. [HSIEZI- For A G a;~^\l/|^(M), the associated model operator yl/\ extends 
as a bounded operator A^ : X''°'(Y^) -^ x'~''''"-''{Y^) for every s, a G R. 

Definition 4.5. Let A G a;^^^^(M) and let A be a sector in C containing the 
origin. The operator family A— A is said to be parameter- elliptic on A with respect 
to Of G R, if and only if 

(a) V^(A)(^) - A is invertible for all f 7^ and A G A, 

(b) Aa - A : 3C'*'"(r^) -^ X'-f'^°'-^'(Y'') is invertible for every A G A sufficiently 
large, and for some s G R. 

These conditions imply that spec^{A) Ci {z e C\'^z — ~a} — 0. 
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It is worth mentioning that in Definition l4.5l fb^ the cone Sobolev space 3C'''°'{Y^) 
cannot be replaced by the weighted space x°'H§{Y^). This is a consequence of 
Proposition l4.1(jl and the foUowing elementary observation. 

Lemma 4.6. Let A/^ be as in (|4.4|l and let ji > Q be such that !}C^'^(y^) is a 
proper subspace of x^Hl^{Y'^). If A/^ : x^Hl^{Y^) —+ Ll{Y^) is invertible, then 
v4a : 3C^'^(F^) -^ Ll{Y^) is not surjecttve. 

Proof Let u e x^'Hl^{Y^)\X^''^'{Y^) and assume that A^ is surjective. Then there 
exists a function v e X''''' such that A^v = A^u £ Lg(y^). But v £ xi'Hj^iY^) 
and A^ is injective, so u = v £ 3C'^''^ which contradicts the assumption on u. D 

If A C C is a sector not containing the positive real axis, then every operator A £ 
a;-''*^(M) such that A : x°'HI{M) -> x"-''H^^^{M) is positive and selfadjoint, 
is parameter-elliptic on A with respect to a. This follows from Proposition l4.18l 

Example 4.7 (cf. Example 3.3 in TB'). Let M be a compact n-manifold with 
boundary and let g be a Riemannian metric on M which, near the boundary, 
coincides with the cone metric dx^ + x^gy, where gy is a metric on y = dM. 
The corresponding measure is of the form x"^m for a 5-measure m. Let Ag be the 
Laplace-Beltrami operator associated to the metric g. This operator is symmetric 
on L^{M,x'^xn) ~ j:^"/^L^(M) and therefore, the operator 

(4.8) A = -2;"/2-iAg a;-"/2+i + x'^'^ £ x-'^^'l{M) 

is symmetric on x~^Ll{M) for every real number a. For u £ C^{M) supported 
near the boundary, we have 

Au = x-^ (^{xD,f -Ay + ^^^ + a^) u, 

where Ay is the Laplacian corresponding to gy. For a > 1 the boundary spectrum 
of x^A does not intersect the strip {ct S C | |9cr| < 1} so that A with domain 
xH^{M) is positive and selfadjoint on x^^L^(Af ). In particular, A—\ is parameter- 
elliptic with respect to a = 1 on any sector A C C contained in the resolvent set of 
A. 

Example 4.9. Let A be the operator H4.8|l . If T e x^^'^\{M) is symmetric on 
x~^Ll{M), then the operator A + T with domain xH^{M) ^ Hl{M) is also 
positive and selfadjoint, and therefore parameter-elliptic with respect to a = 1. 
Observe that T : H^{M) -^ x-^Ll{M) is bounded. 

We are now ready to prove that our parameter-dependent operators capture the 
resolvent of a cone pseudodifferential operators. We begin by defining certain index 
sets that appear in Theorem 14. Ill We define 

E^{a) = {(z + r, fc)|r e No, T = ^iz £ speCb(A) -f i/z, 

r 

1 < A: + 1 < V'ord(r- z/i=F i^), and ^z > ±{a — ^)}, 






where the order of a pole r £ spec^(A) of the inverse of the conormal symbol A{t) 
is denoted by ord(T). Setting E^{a) = E^{a)\JE^{a) and E{a) = NU{E+{a) + 
E^{a)), we define 

(4.10) £(a) = {E+{a),E-{a),E{a),Na), where E^{a) = E^{a)UE^{a). 
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Theorem 4.11. Let A e a;^^'I'^(Af ), fi > 0, be such that A—X is parameter- elliptic 
on A with respect to some a G M. Then for A G A sufficiently large, 

A-X: x^H^iM) ^ x"-''H'^'''{M) 

is invertible for any s G M, and 

{A-X)-^ Ga;^*^^'"'''^(Af;A)+ a;''*-°°'^'^(")(M; A), 

where E{a) is the index family defined in H4.1()|l . Moreover, for a — ^ ^ s we have 

(4.12) {A - A)-i : Ll{M) -^ x^H^iM) 

is uniformly bounded in X. 

Proof. Let {x,y) G U = [0, c)a; x R"^^ be local coordinates near the boundary of 
M and let afj,{x, y, ^) denote the totally characteristic principal symbol of A. Given 
e > 0, let X e C°°(M") with xiO = for |^| < e and xiO = 1 for \^\ > 2e. Let 

(4.13) 6_^(x, y, ^, A) = xma^.{x, y, C) " x^'Xy^ 

Observe that {x',y',z), where z = {log{x/x'),y ~ y'), are coordinates on M^ near 
Afc. Given ip G C^iU) and -ipiz) G C^{M") where ip{z) = 1 on a neighborhood of 
z — 0, define the Schwartz kernel of B{X) by 

KBix) - p{x', y') i>{z) f e'^-« b.^{x', y', C, A) d^ ■ m', 



where m' = |(dx'/a;')dy'|. Then, by definition, B{X) G *^^'"^'^(M; A) (cf. Exam- 
ple |^2Il. Since the principal 6-symbol of Ax'^ is also a^, and 

(a^(a;, y, C) - x^A) fo_,,(a;, y, $, A)x(0 = 1 + (x(0 - 1), 

the composition properties of the 6-calculus show that 

(4.14) {A - A).T^B(A) = {Ax'' - a;^A)B(A) = (p - S{X) + T, 

where 5(A) G ^^^'^^'^(A/; A), and the Schwartz kernel of T is given by 

Kt = fix', y') ^{z) I e-« (x(0 - I) d^ ■ m'. 



Since x(0 = 1 for If I > 2£, x(0 - 1 = for |^| > 2e, which implies that T is 
a 6-pseudodifferential operator of order — cxd with a symbol supported in |^| < 2e 
and whose Schwartz kernel Kt ^ in the C°° topology as a smooth function on 
M^. In particular, the mapping properties of 6-pseudodifferential operators |^ 
imply that the L^ norm of T tends to as e — > 0. If U is a coordinate patch 
on the interior of M , a similar argument shows that given tp G C^(li), there is a 
B{X) G *-''■-''■''(!/; A) such that (jlT^ holds. 

Let {\ii}f^i be coordinate patches covering M such that as in 14.14|l . there 
exists a B,{X) G ^-'^■-''■'^(M; A) satisfying {A - X)x''Bi{X) = ip^ - S,{X) + Ti, 
where Si{X) G ^^^'^^'^(M; A), and where (pi is a smooth function supported in 
Ui. Setting Bo(A) = X^^i ^i(A) G *7''^"^^^(A/; A) and assuming that the p^ form 
a partition of unity of M , we obtain 

(4.15) {A^X)x^Ba{X)=I-Sa{X)+T, 

where T G *^°°(M) and 5'o(A) G *-i'-^'^(Af ; A). Theorem EKI shows that 
5'o(A)^ G *-^'-^^'^(M; A) for each j. Thus we can choose S'^(A) G ^-^'-'''''(Af ; A) 
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such that S'o(A) ~ J^TLi So{Xy , where the right-hand side is an asymptotic sum. 
This imphes that 

(/ - 5o(A))(/ + S'^iX)) =1- i?i(A), i?i(A) e ^-— '''(M; A). 

Multiplying both sides of (|4.15|) by / 4- S'o(A), we obtain 

{A-X)x^'Bl{\) = I-Sli\)+T, 

where Bi{X) = Bo(A) + Bo(A)5^(A) e ^-A'.-A'.m(M; A ) by Theorem ITT?)! and 
5i(A) = i?i(A) - TS'^(A) G *J°° -'^''^(M; A) by Theorem mTI 

By choosing e > sufficiently small, we may assume that I + T is invertible. The 
inverse of / + T is of the form I + T' where T' e *^°°''^(A/) for some /3 > that 
depends on the width of the strip on which the conormal symbol of T is invertible. 
Moreover, since ||T||^2 -^ as e ^ 0, the arguments found in [211 Ch. 5] imply 
that /3 > can be choosing arbitrarily large by choosing e > smaller. Choose 
any A^ >> and let e > be chosen so that T' e *^°°'^^^(Af). Then multiplying 
both sides of the previous displayed equation by / + T', we obtain 

(4.16) (A-A)a;''B2(A)=/-52(A), 

where B2{X) = Bi{X) + Bi{X)T' e *-^'-^'^(Af ; A) + *-~'''(A/;A) by Theo- 
rem EHl and 52(A) = 5i(A) + S'i(A)r' e ^^^^^'''(A/; A) by Lemma ETUI and 
Theorem EH By Theorem IXTUl 52(A)-' E *^^^'^(Af ; A), which implies that 
S2W = Ef="i' ^2(A)-'' e 'i'l^-'^iM; A) satisfies 

(/- 52(A))(/ + 5^(A)) = /- 53(A), 53(A) = 52(A)^ e vI/^;^^(Af; A). 
Multiplying both sides of (|4.1t)|) by / -f- 52(A), we obtain 

(A-A)a;''B3(A)=/-53(A), 

where B3(A) = B2(A) + B2(A)5^(A) e *,-'^'-'^'^(Af; A) + *-^^''(A/;A) by The- 
orems EH and EH and by Lemma EH we have 53(A) G *jv^^(Af;A) C 

*^°"''^'^(Af; A) where £ is the index family on T^ given by £ = (0,0,No,No). 

Finally, using the localized inverse {A^ — A)""'^ (which exists by condition (b) in 
Definition 14. 5|l one can modify the parametrix a;''i?3(A) to get a remainder term 
that decays as 1/|A|. Then, by means of a standard Neumann series argument, this 
new parametrix can be further refined to obtain the exact resolvent. The difhculty 
is to understand the pseudodifferential structure of the resolvent which requires 
understanding the structure of {A^ — A)~^. This analysis is rather long but can 
be done following the same arguments as in the proof of Theorem 6.1 in I24|. The 
conclusion is that 

where J — {Fu,,Frb, Fff,No), with Fn, > a — fj,, Frb > —{a — fj,), and Fg > 0. Now, 
since *7^'^(Af;A) C *J°° "^'^(Af; A) and *-°°'^'3'(Af ; A) C *^°°'^'3^(Af ; A), 
and since N can be chosen arbitrarily large, it follows that 

(A^X)-^ ea;^*-''^-''^''(Af;A)+.T^*-°°''''^(Af;A), 

According to |29l Th. 5] or 27, Th. 4.4], we know that for fixed A, the resolvent 
{A — A)~^ has expansions at lb, rb, and jf, with index sets E^{a), E~{a), and 
E{a), respectively. It follows that J must equal the index set £(a) given in H4.1()|l . 
This proves the first statement of the theorem. 
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The norm estimate for H4.12|l essentially follows from corresponding estimates for 
x''Bq{X) and (Aa-A)-i. First of all, observe that {A-X)-^ e ^Ll{M),x^'H^{M)) 
is uniformly bounded in A if and only if II (A— A)^"'^||£(^2(-jy,j-)-) — 0(|A|~"'^) as |A| -^ oo. 

That ||a;'^i?o(A)||£(i2(j^,^)-, = 0(|A|^-^) as |A| — > oo is a consequence of the fact 
that the Schwartz kernel of -Bo (A) is locally given by the symbol H4.13|l . On the 
other hand, the norm estimate for {A/., — A)~^ on Ll{Y^) is a direct consequence 
of its K-homogeneity properties. More precisely, for every p > we have 

{A^ - X)-^ = gf^K-^A^ - g^Xy^Kg. 
Setting g — |A|^^/^ and using that Hg is an isometry on Ll{Y^), this gives 

ll(^A-A)" \\ii(Ll{Y^)) = \M^ IK^A - p^)" ll£(L2(yA)). 

Hence \\{A^ - X)-^\\^^LliY'^)) = Oi\X\-^) as |A| ^ oo. D 

Composing the resolvent with itself N times, we obtain 

{A~X)-^ e x^^*-^'^'~^^^^(Af; A) + a;^'^*-°°'^'^"(")(M; A) 

where the index family 8.]^ (a) is defined inductively from the index family £(«) 
using the composition Theorems 13. 181 and 13.271 f with N — oo there). Now compos- 
ing {A — X)~^ with a 6-pseudodifferential operator B and using the fact that each 
space on the right is closed under such compositions by Theorems 13.171 and 13.181 
we obtain the following corollary. 

Corollary 4.17. Let A e x"^vIf^(M), fi > 0, be such that A - X is parameter- 
elliptic with respect to some a on A. Then given any B £ x^''^^ (-^)7 '^j m' € M, 
for A e A sufficiently large, we have for any N € N, 

B{A^X)-^ Gx^^-''*^'-^^'-^^'^(A/;A)+ x^^-''*-°°'^'^"(")(M; A), 

where £Ar(a) and 3^f4{a) are the same index families. 

We finish this section showing that the invertibility condition (b) in Definition l4.5l 
is necessary for the resolvent to be uniformly bounded, cf. O Th. 4.1]. Although 
we do not discuss here the condition on ^a^ {A) , it can be proved (as in the case of a 
regular operator on a smooth compact manifold, cf. ^U]) that (a) is also a necessary 
condition. It implies that Aa - A : 3C^'"(y^) -^ 3C''-''^"-^(y^) is Fredholm, so its 
image is closed. 

Proposition 4.18. Let A e a;"^*'^'(Af), fj.>0, be such that A~ X: xi^Hj^ -^ Lj 
is invertible for all X £ A with |A| > i? for some R > 0. If the resolvent 

{A-Xr':Ll{M)^x'^H^{M) 

is uniformly bounded in X, then A^ — A : I]C'''''(y^) — > L'^{Y^) is invertible for 
every A S A\ {0}. 

Proof. The assumptions on A— A and {A— A)^^ imply that, if w e a;^if^(Af ), then 

(4.19) ||(A-A)7.||o>Ch||^ 

for some constant C > 0, where || • ||i/ denotes the norm in x'^H^{M). From this 
estimate we will derive the injectivity of A^ — A : 'X^^'^^{Y'^) -^ L^(y^). 

Let V e C;?°(r^) and pick Uy C M such that Uy = [0, e) x F for some e > 0. 
Let g> Qhe small enough so that n'^^v £ 3C^'^(y^) is supported in [0, e) x Y, so it 
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can be regarded as a function in a;^i?^(Af) supported in Uy- Let (p,ip & C^{Uy) 
be such that "0 = 1 on swpp{K'g^v) and ipip = ip. We have 

\\{g^'KglpA^/JK-^ - X)v\\o = gf'WKgi^A- g-''X)i:K^^v\\o 

> g^^WiA - g-''X)^-\\\o - g^Wil - v)A^^-'v\\o 

since Kg is an isometry on L^ and ip = 1 — (1 — 93). Note that (1 — ip)Ail! is a 
smoothing operator, so the second norm on the right-hand side of the inequahty is 
uniformly bounded in g. On the other hand, for g < 1 we can apply (|4.19() and get 

WiA - g-^X)K-'v\\o > C\\k-'v\\^ = Cg-^\\v\\,.. 

Thus, for g small, 

Wigf^KgcpAiPK-^ - A)«||o > C\\v\\^ + iD{g^). 

Taking the limit as g ^ 0, by (|4.4II we get 

(4.20) ||(^A-A)«||o>C||i;||^ 

for every v e C^{Y^). Since this space is dense in 3C^'^(y^), (|4.20() also holds for 
every v e X^''^'{Y^) and we get the injectivity of Aa - A on X^''^'{Y^). 

Finally, note that the invertibility assumption on A ~ X implies the invertibility 
of the formal adjoint A* — X : Ll{M) -^ x^^^H^^{M). By the previous argument, 
this implies the injectivity of A\ — A : Ll{Y^) -^ !K^'''^''(y^), and consequently, 
the surjectivity of A^ - A : %^''^'{Y'^) --* Ll(Y''). D 

5. Asymptotic expansions 

To obtain an asymptotic expansion of B{A — A)^^, we will use the following 
known lemmas whose proofs can be found in 25, Appendix A]. 

Lemma 5.1. Suppose that u{x,y) is a compactly supported on [0, 1)^ with expan- 
sions at X = and y = given by index sets (not necessarily C°° En, and Ej-b, 
respectively. Then the function v(x) defined by 

v{x) ^ / u{x/y,y) — = / u{y,x/y) — , 

Jo y Jo V 

can be expanded at x = with index set EibUErt- 

This lemma is a special case of the "Pushforward Theorem" due to Melrose [3S] . 
As discussed in il8j, this theorem is related to the "Singular Asymptotics Lemma" 
due to Briining and Seeley 0|. 

Lemma 5.2. Let f G C°°(M+) vanish to infinite order as x —> 00 and suppose that 
for some a G C, we have 

(5.3) {xd^~a)f{x) ^ g{x), 

where g{x) can be expanded at x — with index set E , not necessarily a C°° index 
set. Then f has an expansion at x — with index set EU{a}. 

We are now ready to prove our main result concerning asymptotic expansions of 
resolvents of pseudodifferential cone operators. 
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Theorem 5.4. Let A E a;^^^{^(A'/), /i > 0, be such that A—X is parameter- elliptic 

on A with respect to some a. Then, given any B g a;"''^^ (A/) with f3,ii' G M, for 

N sufficiently large, B{A-X)-'^ ; x°'-'^H^{M) -^ x°'-''-'^H'^^'"' (M) is trace class 
for every s G R, and 



fc=0 



(5.5) Ti-B{A - X)-^ ~|;,|^oo E l^*^ + ^'^- log^ + Cfc(log A)'} A(^'+"-'^-)/^ 

{4 + efclogA}A('3-^-)/^-^+ g/.A- 



fe=0 /c=0 



Moreover, bk = unless k G (No + /i' + n — /3) U (//No + /i' + n); Ck = unless 
k e /iNo n (No - /3) + Ai' + n; and e^ = unless k £ //No + 13. 

Proof. By Corollary 14. 171 for A G A sufficiently large, we can write 

B(A-A)-^=F(A)+G(A), 

where F G a;^M-/3^p'-A^M,-A'M,M(M; A) and G G x^^-'3*J°°''''^"^"^(M; A). Hence 
F(A) G a;^''-'5*^'-^^(Af) and G(A) G x^'^-'5*j;°°'^"^"'(M) for every A. Thus by 
their mapping properties and Remark |4. 21 the operators F{X) and G(A) are both 
trace class if N is large enough. We assume ^' — N ^ < —n. The expansion (|5.5() 
will be achieved by expanding TrF(A) and TrG(A). 

Step 1: We begin by showing that, as |A| -^ oo in A, we have 

oo 

(5.6) TrG(A)^^afcA('3-'=)/^-^, a^ G C. 

fc=0 

If A = M is the diagonal in AP , then TrG(A) == /^,^ i^G(A)|A- By the definition of 
^Nii-p^,-°o,iJ-. "^"-^(Af; A), on the interior of A, i^G(A)|A vanishes to infinite order 
as |A| — > oo. Thus we may assume that Kqi^x)\/:\ is supported in a neighborhood 
[0, l)a; X y of A4" near Y. Let r = \X\-'^/^' and 9 = A/|A|. Then, integrating out the 
variables on Y , we can write (for r < 1) 

ifG(A)|A= / x^^-^G{r,e,x/rf-^ 

M Jo ^ 

^^JVm-/3 f xJVM-/5G(r,0,x)— (x^rx), 
Jo X 

where G(r, Q, v) is a function smooth in r up to r = 0, smooth in 9, can be expanded 
at V = with index set E^.fficy) > iJ, — Nfi, and vanishes to infinite order as ti — > c». 
Since G{r, 9, v) is smooth at r = 0, as r -^ 0+ we have 

oo 

TrG(A)~^5fc(0)r^'^-'^+'^- 

fc=0 

for some gk{(^), smooth in 9. Since r — |A|~^/'^ and G(A) is holomorphic in A, this 
expansion is really an expansion in A (cf. |25l Prop. 5.1]), which proves (|5.fi|l . 

It remains to prove an asymptotic of TrF(A) as |A| -^ oo. If (/s G G°°(Af) 
vanishes near the boundary Y, then the trace of (pF{X) can be analyzed using 
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techniques similar to ^^, for instance. The result is 

oo oo 



-k-N 

k=a ' ' fc=o 



where &fc = unless fc e (Nq + /i' + n - /3) U (/iNq + ^' + n). 

Thus it sufhces to assume that F(X) is supported in a collar [0, l)^: x Y . By taking 
a partition of unity of K, we may assume that F[X) is supported in a coordinate 
neighborhood in the Y factor. Also, as with the expansion for TrG(A), we only 
need to prove an expansion of the form (|5.5|l with A replaced by r~^ and coefficients 
that depend smoothly on Q = A/|A|. In other words, we will prove the expansion 

Nfj.-fj.' -n+k 



(5.7) Tri^(A)-,^o+ ^{afc(^) + 6fe(^)logr + Cfe(^)(logr)2} 
k=a 

oo CXD 

+ Y{dkiO) + ek{0)logr]r''^-^+' + J] /fe(0)r('=+^)^ 
fe=o k=a 

Note that 9 appears only as a parameter, so we may assume without loss of gener- 
ality that A — [0, oo). We will complete our proof in two more steps. 

Step 2: We reduce (|5.7ll to an application of Lemma [5. II Using the definition 
of a;ArM-/3^M'-A'M-WM,M(M; A) and integrating out the Y factor of [0,1) x Y, we 
can write 

TrF(A)= / / x^'''>^a{x,^,x^X)d(—, 

< 



where a(a;,e,A) e C;f ([0, 1)^, 5"^ J^'''"^^'^(K^; A)). By assumption, ^' - iV^ 
—n, so the integral in ^ is absolutely convergent. If r = A^^/^, then 

/■^ dx 

TrF(A) = / A{x,r/x) — , 



1 dx 

Jo ^ 

where A(x,z) = x'^'^-'^ J^„ a{x,C z-'') d^. Let ip € C°°(M+) be such that ip{z) = 1 
for z < 1 and (p{z) = for z > 2. Then, for r < 1, 

/■^ dx Z"^/'" dx 

(5.8) TtF{X)= ip{r/x)A{x,r/x)—+ (l - ip{r/x)) A{x,r/x) — . 

Jo 2; Jq X 

We analyze the asymptotics of each integral as r ^ 0+. For the second integral, 
we make the change of variables x t—^ rx, which gives 

Z"^/'" dx f^ dx 

(5.9) / {l-tp{r/x))A{x,r/x)— ::= {I - ^{1/x)) A{rx,l/x) — . 
Jo ^ Jo ^ 

Since A{rx, 1/x) = (rx)^''-^ J^„ a{rx, ^, a;'") d^ and Nfi- P>0, the integral (|5^ 
converges absolutely. Moreover, since a{x,^,X) is smooth at cc = 0, H5.9|l has an 
expansion at r = with index set Nfi — /? + Nq. Thus the second integral in (|5.8() 
contributes an expansion of the form given by the second sum in (|5.7|l . 

It remains to analyze the asymptotics of the first integral in H5.8(l . Note that 
A{x, z) has an expansion at a; = with index set N ^ — /3 + No since a(x, ^, A) is 
smooth at X = 0. Thus, as ^p{z) A{x,z) is compactly supported in z and x, we can 
apply Lemma 15.11 If A{x,z) has an expansion at z = with some index set E, 
then the first integral in H5.8(l has an expansion as r = A^^'^ -^ 0+ with index set 
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En{Nfj. - (3 + No) (see (|5^^ for the definition of D). In the foUowing step we will 
show that 

E = ifiN + ^No)U{Nfi - fi' -n + No). 

Step 3: Since the asymptotics of A(x, z) at 2; = do not depend on x, we may 
omit the x variable. Thus it suffices to determine the asymptotics of 

A{z)^ a{£„z->')di atz = 0, 

where a(C,A) € S'^^'j^^'"^^'^(M"; A). Let xiO e C°°{^'^) be such that x(0 = 
near ^ = and x{C) = 1 outside a neighborhood of 0. Then, given _L G N, expanding 
a(A,^) in its homogeneous components, we can write 

L-l 
k=0 

where for each k, 

(5.10) Ak{z)= [ x{OMtz-n<i^ 

JR" 

with afe(^. A) anisotropic homogeneous of degree /x' — Nfi — k, and where Rl{z) = 
/ rL(C,z"^)(f<^ with rL(,^, A) e S'^'-^'^--^'-^^'^(M"; A). In particular, rL(C, z"^) = 
z^^rL{£^, 2^) where ri(^, w) is smooth at w = and satisfies estimates of the form 
(|3.1(l . These estimates imply that Rl{z) can be expanded to higher and higher 
order at z = with index set fiN + /iNq as L is chosen larger and larger. Thus it 
suffices to analyze the asymptotics of each Ak{z) at z = 0. 
Recall that afc(5, A) has the following properties: 

• ak{5i, 5^'\) = ,5^'-^'^-'=afc(^. A) for 5 > 0, 

• ttki^, z~^^) = z^^afc(^, z'-') with ak{S,, w) smooth at w = 0. 

Now, making the change of variables ^ i-^ z^^S, in (|5.1U|) and using the homo- 
geneity properties of afe, we get 

Ak{z) = z^A^-p'-n+fe f ^(^/^) „,(^^ 1) ^^. 



Let 7 = N^L — /_/ — n + k. Since (zS^ — 7)2'' = and zd^xi^lz) = — (C • d^x){^l z) 
where S, ■ d(^ =^ O^Cj ' ^^ have 



{zd, ~ ^)Ak{z) - -z-^ (e • 9a)(^A) «'c(e, 1) <I^ 

R" 

je-aa)(e)afe(e,^-^)'fe 
^^"^ / (e-5a)(0Sfe(e,^'')^^ 



= — z'^ 



by means of the change ^ 1— > z^ and due to the properties of a^. . Since the function 
(^•9jx)(^) is supported in a compact subset of ]R"\{0}, the last integral is absolutely 
convergent and so it can be expanded at z = with index set jiN + /uNq. Hence, 
Lemma [5.21 implies that Ak{z) can be expanded at z = with index set {^N + 
/^No)U(iV^ — fi' — n + k). Thus, as A{z) is an asymptotic sum of the A^s, A{z) 
itself can be expanded at z = with index set {fiN + fi'Na)U{Nfi — ^' — n + No). 
This completes the proof of the theorem. D 
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Let A be a sector of the form 

A = {A e C I £0 < arg(A) < 2n - Eq for some < eo < 7r/2}. 

Let A e a;^^^['(A/), fi > 0, he such that A — A is parameter-eUiptic on A with 
respect to some a. Then the heat operator of A can defined as the Cauchy integral 

(5.11) e"*-* = :t- / e~*^ (A - X)-^ dX, 

27r Jj- 

where T is an counter-clockwise contour in A of the form 

T = a + {A e C I arg(A) = 6 or arg(A) = 2tt-S}, a<0, eo<S < tt/2. 
Integrating by parts iV — 1 times, we can rewrite H5.11|l as 

(5.2, .-.^<_^/^.-(^-Xr".X 

The asymptotic analysis from |lj Sec. 4.6] applied to the expansion (|5.5|l induces 
the following theorem. 

Theorem 5.13. Let A e ^^^^^^(M), /i > 0, 6e such that A—X is parameter- elliptic 
on A with respect to some a. Then, given any B G x^'^^j^ (M) with /3, fi' G M, the 
operator Be"^ is trace class for t > 0, and 

OQ 

(5.14) TrSe-*^^,^o+ E{"'=+/5fclog^ + ^^(log*)'}*^'~'''""'^'' 

+ ^{4+efelogt}t('=-'')/^+ Y.n,t\ 

fe=0 fc=0 

Moreover, [3k — Q unless k G (No + /i' + n — /5) U (/iNo + /i' + n); 7fc = unless 
k G ^No n (No - /9) + /i' + n; and e/c = unless fc G /iNo + /3. 

Now suppose that [A — A)^^ exists on a neighborhood of A. Then as in ^21 
one can show that the complex power A'^ of A exists and defines an entire family 
of 6-pseudodifferential operators satisfying A^A^ = A^^'^ for z, w G C Using the 
following formula for the complex powers in terms of the heat operator 

A^ = ^ t-^e-'^^, nz«Q, 

r(-z) Jo t 

we can write 

U(z):=TTA^^-^Mif){~z), 
T{-z) 

where M(/)(z) is the Mellin transform of the function f{t) = Tr(e~*"^). Applying 
the results on the poles of Mellin transforms found in 1, Sec. 4.3], using the expan- 
sion (|5.14() of Tr(e~*"^) as i — > 0, plus the fact that l/r(-z) vanishes for z G Nq, 
we obtain the following theorem. 

Theorem 5.15 (Analyticity of the Zeta Function). The zeta function C,a{z) is 
holomorphic for !Kz < —nj [i; and extends to be meromorphic on the whole complex 
plane, with (possible) simple poles on the set { —^^ \k G Nq } and with (possible) 
triple poles on the sei {- | fc G Nq, - ^ No}. 
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6. Properties of the index 

At last we consider the problem of finding the index of the closed extensions 
of a 6-elliptic differential cone operator A and give a formula for the index of its 
closure. To this end we first prove that, for the purpose of index calculations, some 
significant simplifications can be made. In fact, one can reduce the problem to the 
case where the operator has coefficients independent of x near DM, and even more, 
one can assume 'Dmin(^) to be a weighted Sobolev space. These results show that 
simplifying assumptions made by various authors in the past can indeed be used 
without lost of generality. 

Invariance properties of the index. Let M be a smooth compact manifold 
with boundary. Let A E a;^^Diff™(M) be 6-elliptic, /i > 0. We regard A as an 
unbounded operator A : C^{M) C x" Ll{M) -^ x" Ll{M) and denote by 'Dmin(^) 
the domain of the closure of A. It is convenient to assume v — — /i/2; we can always 
reduce to this case by conjugation with x'^^^/'^. It is known (cf. j^|221) that every 
closed extension Ad of A on x^f^^^Lf{M) is Fredholm with index 

ind Ax) = ind Atjj^^jj^ + dim'D/2)„iin- 

Note that dimD/Dmin is completely determined by the boundary spectrum of A. 
In this section we will give an analytic formula for the index of ^d^;,, using the 
heat trace asymptotics obtained in the previous section. 

We shall need the following lemma which also establishes the notation. 

Lemma 6.1. On 'Dniin(A); for e > small enough, the operator norm 

\W\\a = \\u\\x-i-/^Ll + P"L-A'/2L2 

and the norm 

b b 

are equivalent. 

Proof. Recall that the embedding x^/^^'^L^ '-^ x^^^^^L^ is continuous for e < ^. 
The equivalence of the norms follows from the continuity of (Dmin(A), || ■ |U) '^ 
2;A«/2-e^2 .^^jjjg]^ is ^ consequcnce of the closed graph theorem. D 

Write Dx = —i-§^- The operator A = x~'^P is said to have coefficients indepen- 
dent of X near the boundary if {xDx)P = P(xDx) near dM . Write A — Ai^ + xAi 
with Aq having coefhcients independent of x near dM. Let ip G C^(R), f = I near 
0. Furthermore, for t > let ipr = fix/r) and let 

A[r] == ^tAq + (1 - ipT)A. 

Clearly, A and Ar^-i have the same conormal symbol (indicial family). 

Proposition 6.2. For small enough t > the operator A^^-] is also b-elliptic and 
therefore 'Dinin(A[T]) = 'Dmin(A)- Moreover, as t —^ 0, A^t-^ -^ A in the graph norm 

of A. Thus, on TljniniA), 

ind Ar^i = indv4 
for every small t > 0. 
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Proof. Let ''am (A) denote the totally characteristic principal symbol of A. Then, 

''amiA[r]) = fr ''<Jm{Ao) + (1 - fr) V„(A) 

= ifr ''crm(A) + (1 - (y9^) ''a^iA) - Xifr V™(Ai) 
= ''<Tm{A)-T>fir''<Jm{Ai) 

with (^T- = [x / t)(p{x / t) . Since (pr is bounded, t(pt is small for r small, and thus 
the invertibility of ''am(^) implies that of V,„(A) — t(pt Vm(>li) for such r. Hence 
j4[^] is 6-elliptic too. Since A and A[t-] have the same conormal symbol, we have 
from [H Prop. 4.1] that Dmi„(A[^]) = Dmin(^)- 

Further, from the &-ellipticity of A it follows that there is a bounded parametrix 
Q : x-^HI -^ x'i+>'H^+'^ such that 

R:^I^QA: x^H^ ^ x^H^ 

is bounded for all s and 7. Write 

A — A\t] = XiprAi = XiprAiQA + XifrAiR 

= TifT-AiQA + xifrAiR. 
Now, AiQ : x^'^/'^Ll -^ x^'^/'^Ll is bounded, so if w e D,ni„(A), then 

||r(^T-Ai(3Au||^-^,/2i2 < cT||Aii||^-^,/2i2 < crlliillA- 
Write xiprAiR = t^^^ {^Y^^ ipr x^ AiR and note that 

x'A^R : x^'^-'LI ^ x'^/^L^ 
in continuous. Then using Lemma l6. II we get 

\\xLprAiRu\\^-^/2i^2 < cr^~^||u||^j,/2-.2.2 < cT^~mu\\A- 
Altogether, 

\\{A - Air])u\\^-^/2Li < Ct^-'\\u\\a 
and thus A^^-^ ^ A as t ^ 0. D 

Remark 6.3. Norm estimates related to those obtained in the previous proof can 
be found in the book by Lesch |22l Lemma 1.3.10]. 

In general, Dmin is not a Sobolev space. The problem lies in the possible presence 
of elements of spec^(yl) along the line 3a = — ^/2. However, for index purposes, one 
can conveniently reduce the analysis to a slightly modified operator whose closure 
has a Sobolev space as its domain. 

Proposition 6.4. Let A be b-elliptic. Let A^ — x^ A, and regard it as an unbounded 
operator on x^^^^^'''^Ll{M). If e > is sufficiently small, then 

A, : x'-''-'^^^Hl''{M) -^ x-'^'^-'^/^LliM) 

is Fredholm, and 

indAg = ind Adj^jJj,. 

Proof. Write A = x-^'P with P e Diff™(Af ). Let 77 > be so small that there is no 
(7 e spect(A) with fJ-/2-ri <'^a < fj,/2 or -/i/2 < 3cr < -/i/2 + ?7. The kernel of yl 
on tempered distributions x~°°H^°°{M) is the same as that of P, which we denote 
by K{P). Recah that 'Dmax(^) = {u e x-f/'^Ll\Au € aj-'^/^Lg}. The kernel 
ifmax(^) of A : Dmax C x^^'/^L^ -^ x^^/^L^ consists of those elements of K{P) 
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whose Mellin transforms arc holomorphic in 3cr > /i/2; since these elements belong 
to x^f^^^Lf and Au <E x^^/'^L'l. That is, their Mellin transforms are holomorphic 
on StJ > (u/2 — 77. Thus A'max(^) = ^max(^e) if < £ < 7y. On the other hand, 
the kernel K^\^[A) of A : ©min C x~'^/^L^ -^ x~^/^L^ consists of those elements 
of K{P) whose Mellin transforms are holomorphic in 3f7 > —[ijl; indeed in ^1 
Prop. 3.6] it is shown show that 'Dmin = D^ax H a;''/^-'?^/™. Thus if e < ry then 
-ft^min(^) = ii'min(^e)- Consequently, dim JsTmin (-4) = dim/Cminl^e)- 

Finally, note that the formal adjoint of A in x^^^'^L\ is A* = x^^P* ^ where 
P* is the formal adjoint of P in L^, and likewise A J = x~^+^P*. Now recall that 
the Hilbert adjoint of Au^^^^^ is A* with domain 'Di„ax(^'^), so the first part of the 
argument yields dim Xmax (^* ) = dimiir,nax(^*)- D 

Index formula. According to the previous discussion, wc can reduce the compu- 
tation of the index of the closure of a ^-elliptic differential operator A to the case 
where A has coefficients independent of x near dM and such that 

(6.5) A ■ x''/^H^{M) ^ x-^'^^LliM) 

is Fredholm. Under these assumptions, we will give a formula for the index of A in 
the spirit of OEHEIIISIESESISIEHI that holds even when A is pseudodifferential. 
Recently, Witt 3? proved a factorization theorem for operator-valued elliptic 
Mellin symbols. Using his result, it follows that there is a cone pseudodifferential 
operator B with empty boundary spectrum, and a smoothing Mellin operator H, 
such that A — B{1 + H) is compact. This implies 

indyl = ind(S(l-t-7J)) = indB -f ind(l -I- i/). 

Note that 'b-m(yl) = ^am{B) and speCj(A) = specj(l -I- H). In other words, this 
formula separates the index contributions from the totally characteristic principal 
symbol and the boundary spectrum of A. 

We first discuss the index of B : xt'/'^H^\M) -^ x-^'/^Ll{M). 

Lemma 6.6. If B e .t"^*^(M) is b-elliptic with spec^{B) = 0, then 

(6.7) indB = Tre-*-^*-^-Tre~*^^* fort>0, 

where B* is the formal adjoint of B. 

Proof. In general, the Hilbert space adjoint B* of B on x^^^^^L^ is not equal to but 
rather a closed extension of the formal adjoint B* . However, since speCf,(i3) = 0, 
we also have spec^(B*) = and therefore Vn,in{B*) = Dniax(S*) = x>'/'^H^. 
Thus B* must be equal to B* with domain x^^^H^, so ()6.7|l is nothing but the 
well-known Mckean-Singer identity. D 



The identity (|6.7(l is not always true because B* may be different from the 
Hilbert space adjoint B* . The condition on the boundary spectrum of B is what 
makes it work. The consequence of the previous lemma is that since B* is a cone 
pseudodifferential operator, we can apply our results from Section |21 to get an 
asymptotic expansion of the right-hand side of (|6.7() as t — + 0, and obtain 

indB = w(B,B*), 

where lo{B,B*) is the constant term in the expansion. 
On the other hand, it follows from Piazza (3^ that 

ind(l + i/) = -77^/2(0,1 + ^), 
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where (cf. also 123 E2) 

As a consequence, we obtain the foUowing index formula. 
Theorem 6.8. Let A = 5(1 + H) as above. Then the index of (|6.5|l is given by 

zm J \aa / 

a(T=-^/2 



[1 

[2; 
[3; 

[4 

[6; 

[r 
[s; 

[9 

[lo; 

[11 
[12: 

[13; 

[14 

[is: 

[16; 

[17: 

[is; 

[19 

[20; 
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